Theory of Computation

Regular Languages
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A set is a group of (possibly infinite) objects; its objects are called
elements or members.

The set without any element is called the empty set (written ().

Let A, B be sets.

A U B denotes the union of A and B.

A N B denotes the intersection of A and B.

A denotes the complement of A (with respect to some universe U).
A C B denotes that A is a subset of B.

A C B denotes that A is a proper subset of B.

v

v vy VY yvy

o The power set of a set A (written 24) is the set consisting of all
subsets of A.

If the number of occurrences matters, we use multiset instead.
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Sequences and Tuples

@ A sequence is a (possibly infinite) list of ordered objects.

@ A finite sequence of k elements is also called k-tuple; a 2-tuple is
also called a pair.

@ The Cartesian product of sets A and B (written A x B) is defined by

AxB={(a,b):a € Aand b € B}.
@ We can take Cartesian products of k sets A1, Ay, ..., Ax
Ar x Ap x - x Ap = {(a1,az,...,a;) : a; € A forevery 1 <i < k}.
@ Define

k
AF—AxAx---xA.
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Functions and Relations

@ A function f : D — R maps an element in the domain D to an
element in the range R.
Write f(a) = bif f mapsa € Dtob € R.
Whenf : Ay x Ay x --- x Ay — B, we say f is a k-ary function and k
is the arity of f.

» When k =1, f is a unary function.

» When k = 2, f is a binary function.
@ A predicate or property is a function whose range is {0,1}.

k

A property with domain A x A x --- x A is a k-ary relation on A.
» When k = 2, it is a binary relation.

A binary relation R is an equivalence relation if

» Ris reflexive (for every x, xRx);
» Ris symmetric (for every x and y, xRy implies yRx; and
» Ris transitive (for every x,y, and z, xRy and yRz implies xRz.
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More about Sets

A set A is countably infinite if there is a bijectionf : N — A.

Theorem 1
Let Bbe {0,1}. Then A=B x B x --- x B x - -+ is uncountable.

Proof.

s =00000000000...
sp =11111111111...
83 01010101010...
sq =10101010101...
s =11010110101...
sg =00110110110...
7 =10001000100...
sg =00110011001...
s =11001100110...
s;o=11011100101...

s =10111010011...]
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Induction Proof

@ Induction Principle:
P(0) A (Vk,P(k) = P(k+ 1)) = (Vn € N, P(n)).

@ Well-founded Relation:
A binary R is called well-founded on a class X if every non-empty
subset S C X has a minimal element with respect to R. (E.g., Nis
well-founded; Z is not well-founded.)

Induction Principle < (N, <) is well-founded.

To prove property P(n) holds for all n € N,
@ (Induction Basis): Prove P(0);
@ (Induction Step): Prove that if P(k) holds, then P(k + 1) also holds.
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Strings and Languages

@ An alphabet is a nonempty finite set.
@ Members of an alphabet are called symbols.

@ A string over an alphabet is a finite sequence of symbols from the
alphabet.

If w is a string over an alphabet ¥, the length of w (written |w|) is
the number of symbols in w.

The string of length zero is the empty string.

Letx = x1x2---xy, and y = y12 - - - Y be strings of length n and m
respectively. The concatenation of x and y (written xy) is the string
X1X2 - - XplY1Y2 - - - Ym Of length n + m.

k

Kk
= XX -X.

@ For any string x, x

@ Alanguage is a set of strings.
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Schematic of Finite Automata

control

[ofofafof1]1]1]o]

Figure: Schematic of Finite Automata

@ A finite automaton has a finite set of control states.
@ A finite automaton reads input symbols from left to right.

@ A finite automaton accepts or rejects an input after reading the
input.
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Finite Automaton M;

Figure: A Finite Automaton M;

The above figure shows the state diagram of a finite automaton Mj.
M has

o 3states: 41, 42,43
© astart state: ;;
® aaccept state: q2;
iy 0 1 L 0 0
@ 6 transitions: g1 — q1, 41 —> G2, 92 —> 42, G2 — 43,43 — 2,
and g3 L>qz-
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Accepted and Rejected String
4/\
OO

@ Consider an input string 1100.
@ M processes the string from the start state ;.

o [t takes the transition labeled by the current symbol and moves to
the next state.
@ At the end of the string, there are two cases:
» If M, is at an accept state, M; outputs accept;
» Otherwise, M; outputs reject.
@ Strings accepted by M;: 1,01,11,1100,1101,....
@ Strings rejected by M;: 0,00,10,010,1010,....
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Finite Automaton — Formal Definition

@ A finite automaton is a 5-tuple (Q, X, 9, go, F) where
» (Qis a finite set of states;

¥ is a finite set called alphabet;

0 : Q x ¥ — Qs the transition function;

qo € Q is the start state; and

F C Qs the set of accept states.

vV vy VY Yy

@ Accept states are also called final states.

@ The set of all strings that M accepts is called the language of
machine M (written L(M)).

» Recall a language is a set of strings.

@ We also say M recognizes (or accepts) L(M).
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M; — Formal Definition

@ A finite automaton M; = (Q, ¥, 6,41, F) consists of
» Q=1{q1,92,93};
» X ={0,1};
» :QxX —>Qis

> g is the start state; and
» F={q}.
@ Moreover, we have

L(M;) = {w: w contains at least one 1 and
an even number of 0’s follow the last 1}
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Finite Automaton M,

Figure: Finite Automaton M,

@ The above figure shows M = ({1,492}, {0, 1}, 9,41, {g2}) where 6
is

@ Whatis L(M;)?
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Finite Automaton M,

Figure: Finite Automaton M,

@ The above figure shows M = ({1,492}, {0, 1}, 9,41, {g2}) where 6
is

@ Whatis L(M;)?
» L(Mp) ={w:wendsina1}.
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Finite Automaton M;

0 1

Figure: Finite Automaton M3

@ The above figure shows M3 = ({1,492}, {0, 1}, 9,41, {g1}) where 0
is

@ Whatis L(M3)?
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Finite Automaton M;

0 1

Figure: Finite Automaton M3

@ The above figure shows M3 = ({1,492}, {0, 1}, 9,41, {g1}) where 0
is

@ Whatis L(M3)?
» L(M3) = {w: wis the empty string ¢ or endsina 0}.
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Computation — Formal Definition

o Let M = (Q, %, 0,40, F) be a finite automaton and w = wyws - - - wy,

a string where w; € X foreveryi=1,...,n.
@ We say M accepts w if there is a sequence of states ro, 71, ..., 7,
such that

w w: w:
T — 1] =3 1o Tpoq —5 1y,

> 1o = qo;
> §(ri,wip1) =tip1 fori=0,...,n—1; and
> r, €F,

@ M recognizes language A if A = {w : M accepts w}.

Definition 2

A language is called a regular language if some finite automaton
recognizes it.
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Regular Operations

Definition 3

Let A and B be languages. We define the following operations:
@ Uniont AUB = {x:x € Aorx € B}.
@ Concatenation: A-B = {xy:x € Aand y € B}.

@ Star: A* = {x1xp---x, : k > 0and every x; € A}.

@ Note that ¢ € A* for every language A.
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Closure Property — Union

Theorem 4

The class of reqular languages is closed under the union operation. That is,
A1 U Ay is regular if Ay and A; are.

Proof.

Let M; = (Q;, 2, d;, qi, Fi) recognize A; for i = 1,2. Construct
M = (Q,%, 6,490, F) where

0 Q=01 xQ2={(r1,m2) : 11 € Q1,72 € Qa};

@ 0((r1,1r),a) = (01(r1,a), 02(r2,a));

® qo = (q1,92);

@ F=(F1 xQ)U(Qy xF2) ={(r1,r2) : 1 € Fiorry € Fp}. O

o Why is L(M) = A U Ay?
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Nondeterminism

@ When a machine is at a given state and reads an input symbol,
there is precisely one choice of its next state.

This is call deterministic computation.

In nondeterministic machines, multiple choices may exist for the
next state.

A deterministic finite automaton is abbreviated as DFA; a
nondeterministic finite automaton is abbreviated as NFA.

A DFA is also an NFA.

Since NFA allow more general computation, they can be much
smaller than DFA.
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Figure: NFA Ny

@ On input string baa, N4 has several possible computations:
> lhiﬂhiﬂhiﬂiz;
> g i>q2 5 g2 —= gs; or

> g L>qzi>q3i>ql.
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Nondeterministic Finite Automaton — Formal

Definition

e Forany set Q, P(Q) = {R : R C Q} denotes the power set of Q.
e For any alphabet ¥, define ¥, to be ¥ U {¢}.

@ A nondeterministic finite automaton is a 5-tuple (Q, X, 6, g0, F)
where
» (Qis a finite set of states;
» X is a finite alphabet;
» §:Q x X, — P(Q) is the transition function;
> qo € Q is the start state; and
» F C Qis the accept states.

@ Note that the transition function accepts the empty string as an
input symbol.
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NFA N, — Formal Definition

o Ny =(Q,X%,6,91,{g1}) is a nondeterministic finite automaton
where
> Q=1{q1,92,93};

» Its transition function ¢ is

‘ € a b
7 | {g3} 0 {a2}
2| 0 {q.95} {q3}
qs 0 {a1} 0
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Nondeterministic Computation — Formal Definition

o Let N = (Q, X, 0,490, F) be an NFA and w a string over . We say N
accepts w if w can be rewritten as w = y1y> - - -y, with y; € ¥ and
there is a sequence of states rg, 71, . . ., 7, such that

1 2
Voy—>7’1y—>1’2~"1’m_1y—m>7’m,

> 1o = qo,
> rip1 € 0(ri,yiyr1) fori=0,...,m —1;and
> ry, €F.

@ Note that finitely many empty strings can be inserted in w.

@ Also note that one sequence satisfying the conditions suffices to
show the acceptance of an input string.

@ Strings accepted by Ny: a,baa,. . ..
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Equivalence of NFA’s and DFA’s

Theorem 5

Every nondeterministic finite automaton has an equivalent deterministic
finite automaton. That is, for every NFA N, there is a DEA M such that
L(M) = L(N).

Proof.

Let N = (Q, X, 6,90, F) be an NFA. For R C Q, define
E(R) = {q : g can be reached from R along 0 or more ¢ transitions }.
Constructa DFAM = (Q', X, ¢, q;, F') where

o O =P(Q);

@ Y(R,a)={q€Q:q€E(r,a)) for somer € R};
° g0 = E({q0});

o F={ReQ :RNF#0}.

]

o Why is L(M) = L(N)?
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Equivalence of NFA’s and DFA’s

e e-closure E(R):
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A DFA Equivalent to Ny

(NTU EE) Regular Languages Spring 2023 25/ 46



Closure Properties — Revisited

Theorem 6
The class of reqular languages is closed under the union operation.

Proof.
Let N; = (Q;, %, d;, g, Fi) recognize A; for i = 1,2. Construct
N = (Q,%,9,q0,F) where
°© Q={q0} UQ1UQy;
@ F=F; UF,;and
o1(q,a) g€ Q

) 02(g,a) g€ Q2
° 0=\ (410} g=qoanda=c -
0 g=4qoanda # ¢

o Why is L(N) = L(Ny) UL(N)?
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Closure Properties — Revisited

Theorem 7
The class of reqular languages is closed under the concatenation operation.

Proof.
Let N; = (Q;, 3, 04, i, Fi) recognize A; for i = 1,2. Construct
N = (Q,%,9,q1,F2) where

@ Q=0Q1UQy and

91(q,a) geQiandg ¢ Fy
_ ) &(g,a) geFianda #e
° og,a) = 01(g,a) U{q2} g€ Fianda=c¢ )
d2(q,a) 7€

@ Why is L(N) = L(N;) - L(N2)?
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Closure Properties — Revisited

Theorem 8
The class of reqular languages is closed under the star operation.

Proof.
Let Ny = (Q1, X, 01,41, F1) recognize A;. Construct N = (Q, X, 4, g0, F)
where

° Q={q0}UQy

e F={q0} UF;;and

d1(q,a) geQiandg & Fy
1(q,a) geFianda # ¢
@ 0(g,a) =4 61(g,a)U{q1} g€ Fianda=¢ O
{g1} gq=4qoanda = e
0 g=gqoanda # e

@ Whyis L(N) = [L(Ny)]*?
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Closure Properties — Revisited

Theorem 9

The class of reqular languages is closed under complementation.

Proof.

Let M = (Q, %, 6,90, F) be a DFA recognizing A. Consider

M= (Q,%,8,q90,Q\ F). We have w € L(M) if and only if w ¢ L(M).
That is, L(M) = A as required. O

(NTU EE) Regular Languages Spring 2023 29 / 46




Regular Expressions (Syntax)

Definition 10
Ris a regular expression if R is

@ g forsomea € Y;

° ¢

o (;

@ (Rq + Ry) where R; and R; are regular expressions;
@ (Rg - Ry) where R; and R, are regular expressions; or
@ (R}) where R; is a regular expression.

@ We write RT for R - R*. Hence R* = Rt + .

k
,—/%
@ Moreover, write R for R-R - --- - R.
» Define R = ¢. We have R* = RO +R'+- +R"+
@ L(R) denotes the language described by the regular expression R.

Note that () # {e}. + is also written as “U” is many textbooks
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Regular Expressions (Semantics)

Definition 11

The language associated with a regular expression R, written as L(R),
is defined recursively as

o L(a)={a},aey;

o L(e) = {e};

o L(0)=0;

o L(R +Ry) = L(R1) UL(Ry)
o L(R; - Ry) = L(Ry) - L(Ry)
o L(R}) = (L(Rq))"
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Examples of Regular Expressions

For convenience, we write RS for R - S.

We may also write the regular expression R to denote its language
L(R).

L(0*10*%) =

L(¥*1¥*) =

L(Z2)") =

(0+€e)(l+e€) =

1) =

o * =

e For any regular expression R, we have R+ ) = Rand R - ¢ = R.
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Examples of Regular Expressions

For convenience, we write RS for R - S.

We may also write the regular expression R to denote its language
L(R).

L(0*10*) = {w : w contains a single 1}.

L(¥*1¥*) =

L(Z2)) =

(0+€e)(l+e€) =

170 =

e 0 =

e For any regular expression R, we have R+ ) = Rand R - ¢ = R.
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Examples of Regular Expressions

For convenience, we write RS for R - S.

We may also write the regular expression R to denote its language
L(R).

@ L(0*10*) = {w : w contains a single 1}.
o L(¥*1%Y*) = {w : whas at least one 1}.
o (D)) =

o (0+¢6¢)(l1+e¢ =

e 1*) =

e =

e For any regular expression R, wehave R+ ) = Rand R - ¢ = R.
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Examples of Regular Expressions

For convenience, we write RS for R - S.

We may also write the regular expression R to denote its language
L(R).

@ L(0*10*) = {w : w contains a single 1}.

o L(¥*1%Y*) = {w : whas at least one 1}.

o L((X¥X)*) = {w: wis a string of even length }.
o (0+¢6¢)(1+e¢ =

e 1*) =

e =

@ For any regular expression R, we have R + #=RandR-e=R.
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Examples of Regular Expressions

For convenience, we write RS for R - S.

We may also write the regular expression R to denote its language
L(R).

@ L(0*10*) = {w : w contains a single 1}.

o L(¥*1%Y*) = {w : whas at least one 1}.

o L((X¥X)*) = {w: wis a string of even length }.
@ (0+¢)(1+¢) ={¢0,1,01}.

e 1*) =

e * =

@ For any regular expression R, we have R + =RandR-e=R.
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Examples of Regular Expressions

For convenience, we write RS for R - S.

We may also write the regular expression R to denote its language
L(R).

L(0*10*) = {w : w contains a single 1}.

L(X*1¥*) = {w : whas at least one 1}.

L((¥X)*) = {w : wis a string of even length }.

0+¢€)(1+¢€) ={e0,1,01}.

0= 0.

*

= -

@ For any regular expression R, we have R + =RandR-e=R.
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Examples of Regular Expressions

For convenience, we write RS for R - S.

We may also write the regular expression R to denote its language
L(R).

@ L(0*10*) = {w : w contains a single 1}.

o L(¥*1%Y*) = {w : whas at least one 1}.

o L((X¥X)*) = {w: wis a string of even length }.
@ (0+¢)(1+¢) ={¢0,1,01}.

e 1*0 = 0.

o (* = {e}.

e For any regular expression R, we have R + #=RandR-e=R.
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Regular Expressions and Finite Automata

Lemma 12
If a language is described by a regular expression, it is regular.

Proof.
We prove by induction on the regular expression R.
@ R =aforsomea € X. Consider the NFA
N, = ({qla qZ}a %,0,q1, {qZ}) where

_J {p} r=qandy=a
6(ry) = 0 otherwise

@ R = e. Consider the NFA N, = ({41}, %, 0,91, {q1}) where
§(r,y) = 0 for any r and y.

@ R = (). Consider the NFA Ny = ({q1}, %, 8,41, 0) where §(r,y) = 0
for any r and y.

@ R =Ry + Ry, R=R; Ry, or R = Rj. By inductive hypothesis and
the closure properties of finite automata. O
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Regular Expressions and Finite Automata

ab+ a

*
(ab + a)
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Regular Expressions and Finite Automata

Lemma 13
If a language is reqular, it is described by a reqular expression.

For the proof, we introduce a generalization of finite automata.
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Generalized Nondeterministic Finite Automata

Definition 14

A generalized nondeterministic finite automaton is a 5-tuple
(Q> X, (start, Qaccept) where
@ Q is the finite set of states;

@ X is the input alphabet;

@ §:(Q — {qaccept}) x (Q — {gstart}) — R is the transition function,
where R denotes the set of regular expressions;
@ (Jstart 1S the start state; and

@ (accept is the accept state.

A GNFA accepts a string w € X* if w = wyw» - - - wy where w; € X* and
there is a sequence of states g, 71, . . ., 1, such that
@ 70 = {starts
@ 7k = {accepts and
o forevery i, w; € L(R;) where R; = 6(gi_1, qi)-
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Regular Expressions and Finite Automata

Proof of Lemma.

Let M be the DFA for the regular language. Construct an equivalent
GNFA G by adding gstart, Jaccept and necessary e-transitions.
CONVERT (G):

@ Let k be the number of states of G.

@ If k = 2, then return the regular expression R labeling the
transition from gstart to Jaccept-

@ Ifk > 2, select grip € Q \ {gstart; Jaccept }- Construct
G = (Q/7 Za 5/7 {start, Qaccept) where
Q' = Q\ {qnip};
for any q; € Q' \ {Gaccept} and g; € Q" \ {gstart }, define
6'(qi,9;) = (R1)(R2)*(Rs) U Ry where Ry = 6(gi, qrip),
RZ - 5(17r1p, Qrip)/ R3 = 5(qrip> 11]), and R4 = 5(5]1'; %)
© return CONVERT (G'). O
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Regular Expressions and Finite Automata

Lemma 15
For any GNFA G, CONVERT (G) is equivalent to G.

Proof.
We prove by induction on the number k of states of G.
@ k = 2. Trivial.

@ Assume the lemma holds for k — 1 states. We first show G’ is
equivalent to G. Suppose G accepts an input w. Let
Gstart; 1,92, - - - » Jaccept D€ an accepting computation of G. We have
wy w; Wity @= @y
Gstart —> q1 - Gi—1 —> i — Qrip co Qrip — Qrip — % co Qaccept-

w1 wj Wit Wj .
Hence gstart —> 41 i1 —> 4i — " qj* " accept iS @

computation of G'. Conversely, any string accepted by G’ is also
accepted by G since the transition between g; and g; in G’ describes
the strings taking g; to g; in G. Hence G’ is equivalent to G. By
inductive hypothesis, CONVERT (G’) is equivalent to G'. O
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Regular Expressions and Finite Automata

a

b

(a) DFA M

a*b(aUb)*

(c) GNFA (d) GNFA
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Regular Expressions and Finite Automata

Theorem 16
A language is regular if and only if some regular expression describes it.
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Pumping Lemma

Lemma 17
If A is a regular language, then there is a number p such that for any s € A of
length at least p, there is a partition s = xyz with

@ foreachi >0, xy'z € A;

Q |y| > 0;and

Q [xy| <p.

Proof Idea:
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Pumping Lemma (Proof)

Proof.
Let M = (Q, X, 0,41, F) be a DFA recognizing A and p = |Q|.
Consider any string s = 0102 - - - 0,1 of lengthm —1 > p. Let g1, ..., qn

be the sequence of states such that ;1 = d(g;, 0) for1 <i <m — 1.
Sincem >p+1=|Q|+1, thereare1 <s <t < p+ 1such thatgs; = g;
(why?). Letx =01 051,y =05 04—, and z = o4 - - - Opy—1.

Note that q; = Gs, qs 7, qgt, and q; LN gm € F. Thus M accepts xyiz
fori > 0. Since t # s, |[y| > 0. Finally, |xy| <pfort <p+ 1. O
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Applications of Pumping Lemma

Example 18
B = {0"1" : n > 0} is not a regular language.

Proof.

Suppose B is regular. Let p be the pumping length given by the
pumping lemma. Choose s = 0P17. Thens € Band [s| > p, there isa
partition s = xyz such that xy'z € B fori > 0.

@ yc0torye 1™ xz ¢ B. A contradiction.
e y€ 01t xyyz & B. A contradiction. O

Corollary 19

C = {w : w has an equal number of 0’s and 1’s} is not a regular language.

Proof.

Suppose C is regular. Then B = CN 0*1* is regular. O
Regular Languages



Applications of Pumping Lemma

Example 20

F={ww:w € {0,1}*} is not a regular language.

Proof.

Suppose F is a regular language and p the pumping length. Choose

s = 0P10P1. By the pumping lemma, there is a partition s = xyz such
that |xy| < p and xy'z € F fori > 0. Since |xy| < p,y € 0. But then

xz ¢ F. A contradiction. Ol
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Applications of Pumping Lemma

Example 21

D={1":n>0}isnota regular language.

Proof.

Suppose D is a regular language and p the pumping length. Choose
s=17, By the pumping lemma, there is a partition s = xyz such that
ly| >0, |xy| < p,and xy'z € D fori > 0.

Consider the strings xyz and xyzz. We have |xyz\ p? and

lxy?z| = pP+y| < pP+p < p +2p+1 = (p+1)2 Since y| > 0, we have
p? = |xyz| < |xy*z| < (p + 1)2. Thus xy?z € D. A contradiction. O
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Applications of Pumping Lemma

Example 22

E = {01/ : i > j} is not a regular language.

Proof.

Suppose E is a regular language and p the pumping length. Choose

s = 0PT11P. By the pumping lemma, there is a partition s = xyz such
that |y| > 0, |xy| < p, and xy'z € E fori > 0. Since |xy| < p,y € 0F. But
then xz ¢ E for |y| > 0. A contradiction. O
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