DP Example: Matrix-Chain Multiplication

e [f Aisapx g matrix and B a g x r matrix, then C = AB is
a p X r matrix & .
C[i, j1= ) Ali, k] B[k, j]
k=1

time complexity: O(pqr).

Matrix-Multiply(A, B)
1. if A.columns # B.rows
error “incompatible dimensions”
else let C be a new A.rows * B.columns matrix
fori=1to A.rows
forj=1 to B.columns
c;=0
for k=1 to A.columns
Cij = Cj + @by
return C
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DP Example: Matrix-Chain Multiplication

¢ The matrix-chain multiplication problem
— Input: Given a chain <A, A,, ..., A,> of n matrices,
matrix A, has dimension p; ; X p;
— Objective: Parenthesize the product A| A, ... A
minimize the number of scalar multiplications

to

n

e Exp: dimensions: A;:4x 2; A,i2x5;A;i5x1
(A,A,)A;: total multiplications =4x2x5+4x5x1=60
A (A,A;): total multiplications=2x5x1+4x2x1=18

¢ So the order of multiplications can make a big difference!
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Matrix-Chain Multiplication: Brute Force

e A=A A, ... A How to evaluate A using the minimum
number of multiplications?

e Brute force: check all possible orders?
— P(n): number of ways to multiply n matrices.
1 fn=1,

Pln) = { Eg;i P{EYP(n — k) n>2.

— Pln) = (%) exponential in n.

e Any efficient solution?
_ The matrix chain Is linearly ordered and
cannot be rearranged!!
— Smell Dynamic programming?
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Matrix-Chain Multiplication

e m[i, j]: minimum number of multiplications to compute
matrix A; ;= AjA .- Ay L<i<)<n.
— m[1, n]: the cheapest cost to compute A, .
mli, ] = 0 if i =7,
= minggpe; {mli, k] + mlk + 1,51 + p;_apep;} i i <4

matrix A; has dimension p, ; X p;

e Applicability of dynamic programming
— Optimal substructure: an optimal solution contains
within its optimal solutions to subproblems.

— Overlapping subproblem: a recursive algorithm
revisits the same problem over and over again; only
0(n?) subproblems.
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Bottom-Up DP Matrix-Chain Order

Matrix-Chain-Order(p)

1. n=p.length-1

2. Letm[1..n, 1..n] and s[1..n-1, 2..n] be new tables
3. fori=1ton

4. ml[i,i] =0
5. for I=2ton /l'l is the chain length
6. fori=1lton—-1+1
7. j=i+1-1
8. mli, j] =
9. fork=1itoj-1
10. q =mli, kK] + m[k+1, j] + p,,p,P,
11. if g <mli, ]

: ) 12. mli, j] =9

A, dimension | i3 [i. ] = k
Pi.1 X P, 14. return m and s

matrix | dimension
A ; 30 * 35

A 35 * 15
A 15*5
Ay 510
A 10+ 20

A 20* 25

AI Az Aj A4' AS Aﬁ

_ . m[2,2] + m[3, 4] + p1popg = 0+ 750435 x 15 x 10 = 6000.
Unit 4 m[2,4] = m'“{ m[2,3] + m[4, 4] + pypaps = 2625+ 0 + 35 x 5 x 10 = 4375.



Constructing an Optimal Solution

¢ s[i, j]: value of k such that the optimal parenthesization of
A Ay .. A splits between A, and A,

e Optimal matrix A, , multiplication: A; g yAs nj+1.n
e Exp: call Print-Optimal-Parens(s, 1, 6): ((A; (A, A3))((A4 As) Ag))

Print-Optimal-Parens(s, i, j)

1.ifi==j

2. print “A”,

3. else print “(*

4, Print-Optimal-Parens(s, i, s|i, j])

5. Print-Optimal-Parens(s, s[i, j] + 1,))
6. print “)*

matrix | dimension

A, 30 * 35
A, 35 % 15
A, 15#%5

A 5% 10
A 10 * 20
Ag 20 * 25
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Optimal Binary Search Tree

Given a sequence K = <k, K, ..., kK> of n distinct keys in
sorted order (k; <k, < ... <k,) and a set of probabilities P =
<p,, P, --., P,> for searching the keys in K and Q = <q,, q;,
d,, -.-,» 4,> for unsuccessful searches (corresponding to D =
<d,, dq, d,, ..., d.> of n+1 distinct dummy keys with d.
representing all values between k; and ki, ,), construct a
binary search tree whose expected search cost is smallest.
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An Example

i | o | 1| 2| 3] 4|5 /| = n

Y 015]010]005]010]020| 2 P+ qi=1
g, |0.05|0.10|0.05|0.05 | 0.05|0.10

Cost =2.75

Optimal!!
E[search costin T]= ) (depthr(k) +1)- pi+ ) (depthr(di) +1)- g:
i=1 i=0

=1+ depthr(k)- pi+Y_depthr(d:)-g:
i=1 i=0
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Optimal Substructure

¢ |[f an optimal binary search tree T has a subtree T’
containing keys k;, ..., k;, then this subtree T" must be
optimal as well for the subproblem with keys k;, ..., k

]
and dummy keys d, 4, ..., d.

— Given keys k;, ..., kywith k; (<1 <) as the root, the left subtree
contains the keys k, ..., k., (and dummy keys d. ,, ..., d. ;) and
the right subtree contains the keys k..., ..., k (and dummy keys
d, ..., d).

— For the subtree with keys k;, ..., k; with root k;, the left subtree
contains keys ki, .., ki ; (no key) with the dummy key d, ;.
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Overlapping Subproblem: Recurrence

¢ ¢[i, |] : expected cost of searching an optimal binary
search tree containing the keys k;, ..., k.
— Wantto find e[1, n].

— e][i, 1-1] = g, (only the dummy key d. ,).

o If k. (I1<r<])is the root of an optimal s
keys ki, ..., kjand let w(i, )=3 pit 32
efl, ] =p,+ (ell, -1] + w(i, r-1)) + (e[r+1, J] +w(r+1, )))

=e[i, r-1] + e[r+1, j] + w(i, )

Node depths increase
by 1 after merging two
subtrees, and so do

he costs

ontaining

* Recurrence: . ,_ qi-t if j=i-1
abJI= min{e[i,r —1]+e[r+1, j1+w(i, j)} if i<
ISr<j
0.10x1
0.20x2
/

d,| |d, d, ds| 0.10x3
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Computing the Optimal Cost

e Need atable e[1..n+1, 0..n] for €[i, j] (why e[1, 0] and e[n+1, n]?)
e Apply the recurrence to compute w(i, j) (why?)
o4 |- if j=i-1
wli, j1=4 " e
wli, j=U+pi+q if i<

Optimal-BST(p, g, n)
1. let e[1..n+1, 0..n], w[1..n+1, 0..n], d,| |dj |d,| |dg
and root[1..n, 1..n] be new tables

2. for('a[i: }i‘f_”q* 1 e rootfi, j] : index r for which
w[i’, i-1] = q'lll k. is the root of an optimal

3

4

5. forl=1ton search tree containing
6. fori=lton—-1+1
7
8
9

j=i+1-1
eli, j] =
wli, ] = wli, j-1] + p; +
10. forr=i to|
11. t=-efi, r-1] + e[r+1, j] + wli, j]
12. if t <eJi, j]
13. efi,j] =t
14. rootf[i, j] =r
/115' return e and root
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Example

, 5] + w(1,5)

0 1 2 3 4 5
0.15({0.10 | 0.05 | 0.10 | 0.20

q 0.05|0.10 | 0.05 | 0.05 | 0.05 | 0.10
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